Abstract. It is shown that there exist closed Riemannian manifolds M all of whose sectional curvatures are negative, but M does not admit any metric with nonpositive curvature operator.
Given a Riemannian manifold M , the notion of curvature operator is an important invariant of the Riemannian metric. Recall that the curvature operator at a point p ∈ M of a manifold (M, ) is a linear map on the space Λ 2 (T p M ) to itself where T p M is the tangent space to
The curvature operator is said to be nonpositive if all its eigenvalues are nonpositive. An elementary linear algebra argument shows that if the curvature operator is nonpositive, then all the sectional curvatures of M are also nonpositive. In his book [3, pp. 239-240], Petersen asks the following.
Question.
Are there any compact rank 1 manifolds of nonpositive sectional curvature that do not admit a metric with nonpositive curvature operator?
Recall that any closed Riemannian manifold all of whose sectional curvatures are negative is automatically a rank 1 manifold. Hence the following result shows that the answer to this question is Yes. Given a closed quaternionic hyperbolic manifold of quaternionic dimension 2, 4 or 5 (i.e., real dimension 8, 16 or 20) or a closed Cayley hyperbolic manifold M (whose real dimension is 16), we constructed, in [1] and [2] , exotic differential structures carrying negatively curved Riemannian metrics on certain finite covers M of M ; that is, there exist closed negatively curved manifolds that are homeomorphic but not diffeomorphic to the natural locally symmetric structure on M . Applying Theorem 2, we conclude that the exotic differential structures on M cannot support metrics with nonpositive curvature operator. Also, in the case where M is Cayley hyperbolic the sectional curvatures of the Riemannian metric constructed in [1] for the exotic differential structure on M all lie in the interval [−4, −1 + ε]. This proves Theorem 1.
